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Vacuum effects in a vibrating cavity:
time refraction, dynamical Casimir effect, and effective Unruh acceleration
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G. Brodin and M. Marklund
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Two different quantum processes are considered in a perturbed vacuum cavity: time refraction
and dynamical Casimir effect. They are shown to be physically equivalent, and are predicted to be
unstable, leading to an exponential growth in the number of photons created in the cavity. The
concept of an effective Unruh acceleration for these processes is also introduced, in order to make a
comparison in terms of radiation efficiency, with the Unruh radiation associated with an accelerated
frame in unbounded vacuum.
I. INTRODUCTION
Vacuum has always been an essential ingredient of our
knowledge of the physical world, from Aristotle to the
present days. In the low energy limit of the vacuum fluc-
tuation spectrum, as described by quantum electrody-
namics (or qed), vacuum effects predict the emission of
pairs of photons, induced by some external perturbation.
For higher energy fluctuations, qed also predicts the oc-
currence of vacuum nonlinearities, which are associated
with virtual electron-positron pairs [1]. At even higher
energies, electron-positron pairs will eventually be emit-
ted from vacuum and become real. Other real and virtual
particle-antiparticle pairs also have to be considered.
Here we restrict our analysis to the low energy range
of quantum electrodynamics, where the influence of
electron-positron pairs can be neglected. This is the
range of quantum optics, which only deals with photon
vacuum effects. It should be noted that the effects to
be considered here could also occur at higher energies,
involving other particles and other fields.
Three different effects have been discussed in the frame
of photon qed or quantum optics: i) dynamical Casimir
effect [2, 3, 4, 5, 6], ii) Unruh-Davies radiation [7, 8], and
iii) time refraction [9, 10, 11]. Dynamical Casimir effect
is a direct extension of the famous double plate geometry
of the Casimir effect [12], which revealed the energy dif-
ference between different vacua. The dynamical Casimir
setup considers one of the plates as periodically oscillat-
ing in time, due to some applied force. Unruh-Davies
radiation (also called Unruh radiation) demonstrates the
existence of thermal radiation, as seen from an acceler-
ated reference frame in unbounded vacuum. At first sight
this could be a purely kinematic effect, with no physical
consequences. Its real existence has actually been seri-
ously questioned [13]. However, any physical detector
(such as a charged particle or an atom) moving with the
accelerated frame, would be able to interact with such
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thermal radiation and thus respond accordingly. An im-
portant aspect of the Unruh effect is that it explores the
equivalence between gravitation and acceleration, and is
intimately related to Hawking radiation [14]. The rela-
tions between the dynamical Casimir effect and the Un-
ruh effect have been explored in, e.g., Refs. [15, 16],
and various views as to how close the relationship are
have been presented in the literature [17]. The interplay
between these two vacuum effects have important conse-
quences for how experiments should be interpreted, see
for example the recent debate [18, 19, 20].
In the present paper we will attempt to shed fur-
ther light on these connections by tying the dynamical
Casimir effect to the concept of time refraction. Time
refraction is the temporal version of the well known con-
cept of refraction. It is a low order effect, which is per-
ceived by any photon in a time varying medium, and can
be seen as the most basic mechanism leading to photon
acceleration [21]. As a result of time refraction, super-
luminal frames with constant velocity can also observe a
radiation spectrum resembling the Unruh radiation [22].
In a recent work [11], we were able to show that the
concept of time refraction, when considered in the spe-
cific case of an optical cavity, is very similar to the dy-
namical Casimir effect. Time refraction always involves
the presence of an optical medium, and is more general
than the dynamical Casimir effect, in the sense that it
is independent of boundary conditions, and can occur in
unbounded media. On the other hand, the Unruh effect
is quite often related with the dynamical Casimir (see
e.g. [15, 16]), but the nature of this connection has been
debated [15, 16, 17, 18, 19, 20]
One important aspect is that these three mechanisms
can create radiation from vacuum with a finite energy,
but with zero momentum. Time refraction, in a cavity or
in an unbounded medium, creates pairs of photons prop-
agating in opposite directions. The dynamical Casimir
effect in a cavity creates a standing wave mode, which is
equivalent to two counter-propagating photons. And, it
was recently shown that the Unruh emission by acceler-
ated electrons is also made of pairs of photons [23], with
zero momentum in the instantaneous rest frame.
2Here we discuss quantum vacuum in a variable cavity,
and try to establish a close relation between the three
mentioned quantum vacuum processes. A detailed quan-
titative and qualitative comparison will be made between
these processes. We hope that such a comparison will
help to elucidate the nature of photon vacuum, and the
main properties of a vibrating cavity. In Section 2, we
describe the physical configurations of a variable optical
cavity and state the laws of time refraction. In Section
3, we use these laws to describe the dynamical Casimir
effect, and explore further the formal analogies discussed
in our previous work [11]. We show that the oscillating
cavity is unstable to quantum pair creation, and discuss
possible saturation mechanisms for the vacuum instabil-
ity, including cavity losses and nonlinear detuning. In
Section 4, we introduce the effective Unruh acceleration,
and compare the efficiency of dynamical Casimir in a vi-
brating cavity with that of Unruh radiation in unbounded
vacuum. Finally, in Section 5, we state our conclusions.
II. TIME REFRACTION IN A CAVITY
We first consider an empty cavity with a moving mir-
ror. This is equivalent to an optical cavity with a fixed
length, but filled with a time varying dielectric medium.
By changing the refractive index, with the help for in-
stance of an applied external field, we change the optical
length of the cavity. Therefore, these two models of a
varying cavity, with a variable length or with a varying
dielectric medium, are equivalent from the point of view
of the optical length.
Let us first relate the temporal change in the refractive
index n(t), with the change in the empty cavity length
L(t). If we consider a given cavity mode with an integer
number m of wavelengths along the cavity axis, corre-
sponding to the wavenumber km = 2πm/L0, where L0 is
the cavity length, this mode frequency will vary in time
according to
ωm(t) =
kmc
n(t)
=
2πmc
L0n(t)
=
2πmc
L(t)
. (1)
By writing n(t) = n0+δn(t), where n0 is the unperturbed
refractive index, we obtain for the variable cavity length
L(t) = L0+ δL(t), where δL(t) = L0δn(t) is the effective
optical displacement. Keeping this equivalence in mind,
we can now focus on the empty cavity case, and adapt
previous results obtained for the variable refractive index
case. For a single mode in vacuum, we have used an
electric field operator of the form
~Ek(x, t) = i
√
~ω(t)
2ǫ0
[
ak(t)e
ikx − a+k (t)e
−ikx
]
~ek, (2)
where ~ek is the unit polarization vector and the creation
and destruction can be written as
ak(t) = Ak(t)e
−i
R
ω(t)dt , a+k (t) = A
+
k (t)e
−i
R
ω(t)dt.
(3)
But for a cavity mode m, we need to associate the other
momentum component −k, and it is more adequate to
use the field mode operator
~Em(x, t) = i
√
~ωm(t)
2ǫ0
{am(t) sin[km[t]x] + h.c.}~em,
(4)
where km = 2πm/L(t). Using a non-perturbative field
theory approach, it is then possible to show [9, 11], that
the mode operators will evolve in time according to the
equations
dam
dt
= −iωmam +
(
L′
2L
)
a+m, (5a)
da+m
dt
= iωma
+
m +
(
L′
2L
)
am, (5b)
where L′ ≡ dL/dt. The creation and destruction opera-
tors can also be represented as
am(t) = Am(t)e
−iφ(t) , a+m(t) = A
+
m(t)e
−iφ(t), (6)
with the phase
φ(t) =
∫ t
0
ωm(t
′)dt′. (7)
The evolution equations (5) can then be written in a
simpler and more compact form, as
dAm
dt
= ν(t)A+m ,
dA+m
dt
= ν(t)∗Am, (8)
with the coupling function
ν(t) =
(
L′
2L
)
exp[2iφ(t)]. (9)
This system of equations can easily be integrated, leading
to the well known solutions
Am(t) = α(t)Am(0)− β(t)A
+
m(0), (10a)
A+m(t) = α(t)A
+
m(0)− β(t)Am(0), (10b)
with
α(t) = cosh r(t) , β(t) = sinh r(t), (11)
where the squeezing function r(t) is determined by
r(t) =
∫ t
0
ν(t′)dt′ =
1
2
∫ t
0
(
d
dt′
lnL(t′)
)
exp[2iφ(t′)]dt′.
(12)
3Notice that equations (10) are temporal Bogoliubov re-
lations, obeying the usual hyperbolic condition α(t)2 −
β(t)2 = 1, which correspond to bosonic quantum states.
These are the quantum laws of time refraction, adapted
here to the case of an empty cavity with a variable length
L(t). Their physical implications, and their classical
counterparts. were discussed in detain in reference [11].
III. DYNAMICAL CASIMIR EFFECT
Let us now concentrate on the case where we have an
oscillating mirror in the empty cavity, as described by
L(t) = L0 + ǫ sin(Ωt), (13)
where we have assumed that the amplitude of the oscil-
lations is much smaller than the cavity length ǫ ≪ L0.
From equation (1) we can see that the mode frequency
will also oscillate in time according to
ωm(t) =
2πmc
L(t)
≃ ωm0
[
1−
ǫ
L0
sin(Ωt)
]
, (14)
with ωm0 = km0c = 2πmc/L0. Let us calculate the cor-
responding values for the functions ν(t) and r(t). From
equation (9) we obtain
ν(t) =
ǫΩ
2L(t)
cos(Ωt) exp[2iωm0t+ iρ cos(Ωt)], (15)
with
ρ =
2ǫωm0
ΩL0
. (16)
Neglecting higher order corrections with respect to the
small parameter ǫ/L0, we can write
ν(t) =
ρΩ2
4ωm0
cos(Ω)e2iωm0
∞∑
n=−∞
inJn(ρ)e
inΩt, (17)
where Jn(ρ) are Bessel functions of the first kind. Re-
placing this in the definition of the squeezing function,
we can easily see that only the constant terms of ν(t)
will give a significant contribution to r(t), while the oth-
ers will average out to zero, for t≫ 1/Ω. Constant terms
of ν(t) only occur for
(n± 1)Ω = 2ωm0. (18)
When such a condition is verified, the constant term of
ν(t) is determined by
νn =
ρΩ2
23ωm0
Jn(ρ). (19)
For ρ ∼ ǫ/L0, the largest of these terms will correspond
to n = 0, which leads us to the well known condition
for an efficient dynamical Casimir effect, Ω = 2ωm0 [4].
The corresponding expression for the squeezing function
is simply determined by
r(t) = ν0t =
ǫ
L0
ωm0
2
J0(ǫ/L0)t. (20)
Let us now calculate the number of photon pairs created
from out of vacuum, due to the oscillations of the cavity
mirror. To do this, we start from the usual definition of
the photon number operator, for the cavity mode m, as
given by Nm(t) = A
+
m(t)Am(t). The average number of
photon pairs created at time t in the cavity will then be
determined by
〈Nm(t)〉 = 〈0|A
+
m(t)Am(t)|0〉, (21)
where |0〉 is the vacuum state vector for the cavity mode
m. Using the above solutions for the operators (10), we
obtain
〈Nm(t)〉 = sinh
2(ν0t). (22)
For short times, such that ν0t≪ 1, this equation predicts
a linear growth, given by 〈Nm(t)〉 ≃ ν0t. On the other
hand, for very long times, such that t≫ 1/ν0, this leads
to an exponential growth
〈Nm(t)〉 ≃
1
4
exp(2ν0t). (23)
This is the well known instability predicted for the dy-
namical vacuum cavity at the resonant excitation fre-
quency Ω = 2ωm0. Such an exponential growth is only
possible if we neglect the cavity losses, due to absorp-
tion and diffraction at the cavity mirrors. These losses
can be described by a linear damping rate γ, such that
Qm0 = ωm0/γ is the quality factor of the cavity. If we in-
clude losses, we can write the following balance equation
for the average number of photon pairs
d
dt
〈Nm(t)〉 = 2ν0 sinh(ν0t) cosh(ν0t)− γ〈Nm(t)〉 (24)
For a small damping rate, this is approximately equal to
d
dt
〈Nm(t)〉 = [2ν0 coth(ν0t)− γ] 〈Nm(t)〉. (25)
This can easily be integrated to give
〈Nm(t)〉 = sinh
2(ν0t) exp(−γt). (26)
Let us now consider nonlinear saturation effects, by as-
suming that the cavity oscillations are produced by an
externally driven nonlinear element inserted in the cavity.
4The existence of photons due to the dynamical Casimir
instability will introduce a small change in the refractive
index of the dielectric element, as described by the usual
law n(t) = n0(t)+n1Im(t), where Im(t) = ~ωm0c〈Nm(t)〉
is the intensity associated with the cavity mode m. The
nonlinear refractive index n1 is proportional to the third
order susceptibility of the dielectric medium. This non-
linear correction leads to a small detuning of the cavity
mode, which can be approximately described by a non-
linear correction factor of the type (1− ζ〈Nm(t)〉
2), with
ζ ≃ (~ωm0cn1)
2, multiplying the driving term of equa-
tion (24). This nonlinear effect will therefore reduce the
rate of creation of photons inside the vibrating cavity.
IV. EFFECTIVE UNRUH ACCELERATION
We now compare the previous quantum effects asso-
ciated with an oscillating cavity with those associated
with Unruh radiation in unbounded vacuum. According
to Unruh, an observer (or a physical object) moving in
vacuum with acceleration a, will perceive in its acceler-
ated frame, a thermal spectrum with temperature defined
by
kBT =
~
2πc
|a|. (27)
Noting the analogy between moving mirror radiation and
the Unruh effect [24], a single moving cavity wall is
treated as our accelerated observer. Furthermore, this
accelerated observer will interact with a radiation spec-
trum having the following energy distribution per field
mode [25, 26]
W (ω, t) =
[
1 +
a2(t)
ω2c2
]
WT (ω, t), (28)
where we define the thermal energy distribution
WT (ω, t) =
~
2
ω coth
(
π
ωc
a(t)
)
= ~ω
{
1
2
+
1
exp[2πωc/|a(t)|]− 1
}
. (29)
This thermal spectrum includes both vacuum fluctua-
tions and Planck spectrum with temperature defined by
equation (27). In the low temperature limit ~ω ≫ kbT ,
or ω ≫ a(t)c, it will reduce to the blackbody radiation.
In alternative, we can use the photons number distribu-
tion N(ω, t) = W (ω, t)/~ω. Neglecting the unphysical
fractional number associated with the vacuum fluctua-
tion term in equation (29), which represents in fact the
average effect of virtual photons, we can write for the
Unruh spectrum
N(ω) =
[
1 +
a2
ω2c2
]
1
exp[2πωc/|a|]− 1
. (30)
Let us now define an effective Unruh acceleration aeff ,
such that, for ω = ωm0 this nearly thermal spectrum
gives the same amount of photons than those produced
by the dynamical Casimir effect in a cavity. It will be
determined by the equality
〈Nm(t)〉 =
[
1 +
aeff(t)
2
ω2m0c
2
]
1
exp[2πωm0c/|aeff(t)|]− 1
,
(31)
where 〈Nm(t)〉 is determined by equation (22). This can
also be written as
[
ey(t) − 1
]
Nc(t) = 1 +
4π2
y(t)2
, (32)
with
Nc(t) =
〈Nm(t)〉
Vc
, y(t) = 2π
ωm0c
|aeff(t)|
. (33)
For moderate values of the effective acceleration, such
that y > 2π, we simply obtain
y(t) = ln
[
1 +
1
Nc(t)
]
, (34)
or, in explicit form
aeff(t) = 2π
ωm0c
ln[1 + 1/Nc(t)]
. (35)
This effective Unruh acceleration associated with the dy-
namical Casimir effect can then be used to compare the
Unruh radiation efficiency for unbounded vacuum with
that of cavity vacuum effects. Such a comparison could
help in the choice of the more appropriate configurations
for quantum vacuum experiments.
In order to establish such a comparison, we can imag-
ine an observer moving in unbounded vacuum with a
constant acceleration a0 = ǫΩ
2, equal to the maximum
acceleration value attained by the vibrating mirror of a
cavity, or
a0 = 4ǫω
2
m0 = (2πωm0c)
4ǫ
L0
m. (36)
The corresponding Unruh spectrum observed in un-
bounded vacuum, would be given by equation (30) with
a = a0. The ratio between the two quantities aeff(t) and
a0, corresponding to effective and real Unruh acceleration
values, is given by
R(t) =
aeff(t)
a0
=
L0
4mǫ ln[1 + 1/Nc(t)]
. (37)
The condition R(t)≫ 1 can be achieved for large effective
values of aeff such that
ln
[
1 +
1
Nc(t)
]
≫
L0
4mǫ
. (38)
5Such a condition can easily be achieved. For instance,
assuming that L0 ≃ 4mǫ, which would correspond to
ǫ ≃ λm/4, where λ is the wavelength of the cavity
radiation mode m, the threshold for high effective ac-
celeration regime, such that R(t) ≥ 1, is attained for
Nc(t) = (e − 1)
−1. If we take the approximate expres-
sion for the number of photons created by the dynamical
Casimir effect, equation (23), condition (38) is verified
for
t ≥
1
2ν0
ln
(
1
e− 1
)
≃
1
4ν0
, (39)
This clearly shows that, for t≫ 1/ν0, we are in a regime
where the dynamical Casimir effect is much more favor-
able, for quantum vacuum observations, that the cor-
responding Unruh effect in unbounded vacuum, for an
observer moving with the maximum mirror acceleration
a0 = ǫΩ
2. This is due to the unstable character of the
dynamical Casimir effect.
V. SUMMARY AND CONCLUSIONS
In this work we have considered vacuum quantum pro-
cesses in an oscillating cavity. Two different quantum
processes have been discussed in this specific configura-
tion: time refraction and dynamical Casimir radiation.
We have shown that time refraction in a cavity is physi-
cally identical to the dynamical Casimir effect, if we iden-
tify the varying optical path (due to the change of the
refractive index of the medium inside a cavity with fixed
boundaries) with the actual varying length of an empty
cavity with a moving mirror. We have shown the possi-
ble occurrence of an exponential growth of the number
of photons created from vacuum by both models, if the
cavity length oscillates at a frequency Ω with is twice the
frequency of a given cavity mode ωm0. The instability
growth rate is linear with respect to the mirror displace-
ment ǫ, or to the equivalent oscillation amplitude of the
refractive index δn = ǫ/L0. Previous results obtained
for these two models [11] were confirmed and refined. In
particular the instability saturation mechanisms, due to
cavity losses and nonlinear detuning has been included.
We have also introduced the concept of an effective
Unruh acceleration for the dynamical Casimir effect, in
order to create a bridge between the bounded and un-
bounded quantum vacuum effects. Using this new con-
cept, we were able to compare the efficiency of the dy-
namical Casimir effect with that of an equivalent Unruh
radiation, for observers moving in unbounded vacuum
with the maximum value of mirror acceleration a0 = 2ǫΩ.
We have shown that very efficient regimes for photon cre-
ation from vacuum can be attained in a vibrating cavity,
with respect to those of unbounded vacuum. This sug-
gests that dynamical cavity experiments appear to be
better candidates for the observation of photon creation
from a perturbed quantum vacuum than those in un-
bounded vacuum, for comparable values of acceleration.
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